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Abstract

The bunkbed conjecture is an intuitively plausible, unproven conjecture con-
cerning open paths in a random graph. We study this conjecture and problems
naturally connected to it. In particular, an interesting connection between ran-
dom graphs and random orientations of graphs is investigated.
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Summary

All topics discussed will in some way be related to the bunkbed conjecture. In
most cases this discussion is reduced to investigating how the events {z — y}
and {y — z} and their probabilities are correlated, where {x — y} loosely means
‘there is a path from x to y’, the specific definition varying slightly between the
models considered.

e In Chapter 1 we compute the covariance between {z — y} and {y — z}
in a random orientation of a complete bipartite graph, where {z — y}
denotes the event that there is a directed path from x to y consistent with
the orientation.

e Chapter 2 deals with the same covariance as above, now conditional on
{z — y}, in a randomly oriented random graph.

e The results in chapter 3 are concerned with an interesting similarity be-
tween percolation in undirected graphs and percolation in directed graphs

e Chapter 4, describing the bunkbed conjecture, is the main part of this
thesis.

e Finally in Chapter 5, some topics related to the bunkbed conjecture are
discussed.

Aas, 2010. 1
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Chapter 1

Directed paths in random
orientations of Ky,

Let z, y and 2z be three distinct vertices in the complete bipartite graph K, ,
with partition (X,Y), where | X| = m, |Y| = n. By giving K, a uniformly
chosen random orientation - that is, declaring each edge to be directed in either
of the two possible ways with probability 1/2, independently of all other edges
- we obtain a probability space with measure P = P, ,,. For any two vertices
x, y of Ky, n, say that x reaches y, denoted by x — y, if there is a directed path
from x to y consistent with the chosen orientation. The goal of this chapter is
to determine the asymptotic (as m and n — oo in a certain fashion; see below)
covariance between the events x — y and y — z. That is, we are interested in
the behaviour of
P(x —y = 2) — Pz — y)P(y — 2)

as n tends to infinity.
For any two events A, B in any probability space, P(A)P(B) — P(ANB) =
P(A®)P(B¢) — P(A° N B¢). Hence one may consider

Ple Ay # 2) = Pl y)Ply £ 2)

instead, which turns out to be easier.

To achieve this we need to bound the probability of various events related
to the problem, explained below.

Clearly the covariance will depend on how z, y and z are situated in the
graph.

From symmetry considerations, all possibilities are covered by the following
three cases:

Ox,y,zEX,
e r,yce X, z€Y, and
e r.zeX, yevY.

If S and T are two disjoint sets of vertices in K, ,,, an ’ST-witness’ is defined
to be a vertex u for which there is at least one edge from S to w and at least
one edge from u to T'.

Aas, 2010. 3



4 Chapter 1. Directed paths in random orientations of K, »

For a vertex a in K, », the set O, will loosely be defined as the set of vertices
in X’UY’ (thus in X’ if a € Y and in Y’ if ¢ € X) which can be reached in
exactly one step from a, X’ and Y’ being defined separately in each section
where this notation is used. We denote |X’| and |Y'| by m’ and n’. The set I,
of vertices which reach a in exactly one step is similarly defined.

1.1 Preliminary bounds

Knowing the following probabilities (modulo the obvious of symmetries of re-
versing all arrows and interchanging X and Y') suffice to compute the covariance
between the events {z /4 z} and {z /4 y}:

o (i) P(b a)

(ii) P(d 7 a)

(iii) P(b 4 d 4 a)
(

(

iv) P(c /A b+ a)
v) P(d 4 b+ a)

Here, a, b, c € X and d € Y are four distinct vertices. In giving asymptotic
bounds of these probabilties, we will restrict ourselves to the case m = |Gn], for
some constant 3 > 0. However this turns out to be a rather general case, as the
computed covariance will only depend on whether 8 < 1, 6 =1, or 8 > 1. Thus,
throughout we assume (3 to be some given positive constant and m = |[n].

Estimating these probabilities will be a lot of repetitive work. The following
inequality will be used several times: if s, ¢ > «, then st > as + at — ao?.

Below, when summing over subsets of nodes denoted by upper case letters,
the sizes of these sets will often be denoted by the corresponding lower case
letters.

(@) P(b 4 a)
Lemma 1.1. N
PbAa)~2 <;) .

Proof. Let X' =X — {a,b},Y' =Y.
A lower bound is given by P(b 4 a) > P({there is no edge directed away from b}U

{there is no edge directed towards a}) = 2 (%)" - (%)Qn, by inclusion-exclusion.
By calculating the probability that there is no path from b to a of length

at most 4, we get the following upper bound: P(b 4 a) = Y g rcy P(b £
2n o
alOy = S,1I, = T)P(O, = 5,1, = T) < (3) >srcy.snr—p P(nox €

X' is an ST-witness) = (l)zn > o (M) ((l)s + (l)t - (l)s+t)m72.
2 s=0 24t=0 \s)\ ¢t 2 2 2
Note that the partial sum corresponding to st = 0 is equal to the lower
bound. We now show that the other terms sum to o((%)n) Split the remaining
sum into the following four parts: Si: s, t > «a; So: 1 < s < a < t; Ss:
1<t<a<s; S;:1<s,t<a.
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(e

Note that in the Sp case, (%) + (%) — (%)SH < (%) _1. Hence 57 <

n—s (n—s (a—1)(m—2) nt+(a—1)(m=2) 5y (a—1)(m—2)
(3)™ Y. ()2 () (3) = (3) 3" =o((3) )=
0(( ) ) the last equahty holding when choosing « large enough.

S (3" O (T +B)) =@M Ent S () () + ()" <
(3)"an* ((3) + (1)) " =ol(3)"): ifa > 0.

By symmetry, we may choose « possbily even larger so that S3 = o((%)%)
holds.

Clearly, Sy = o((%)n)

Hence P(b74>a)—2(%)n §51+Sg+53+54:0((%)2"). O

(ii) P(d 4 a)
Lemma 1.2. P(d /4 a) ~ ( ) + (%)n (This is ~ (%)m for B <1, ~2 (%)n
forﬂzl,andw(%) for3>1.)

Proof. Let X' = X —{a}, Y/ =Y — {d}. The probability is bounded from
below by P(d / a) > P(no edge leaves d or no edge enters a) > (%)er (%)n -
(l)m+n—1
5 .
For the upper bound, we calculate the probability that there is no path from
d to a of length at most 3: P(d # a) = Y gcys pcx Pla /5 dlls = 5,04 =
T)P(I,=5,0,=T) < (%)mﬂl*l Sy (Y S (M) P(no edge from S to T) =

s t
(%)ern_l S "h ! (™ (%)St. The partial sum with st = 0 equals
the lower bound. We now show that the remaining terms sum to o( (%)m—l— (%)n)
by splitting their sum into the following cases: S1: s, t > «, So: 1 < s < «, and
S3: 1<t<a.

Using s, t > a = st > as+at—a2, S = (%)W;Jﬂh1 Z?;i (" 1) Yo al (" 1) (
()" () o o (") (3" =@ 2 S (U (6
(2)m+n ) ( +(H) )erni 0 (%)m + (% "), choosing « large enough.
simitaly, 5, = ()" 5 () S0 () () < ()" -
Dea Yt () (5) *Of(nfl) 2 ) =o((3)" +(3)").
A similar argument shows S5 = o((3)" + (%) ).
Hence P(d # a) — ((%)m + (%)n) <S8+ 8+ 83 = 0((%)m + (%)n) 0

3"
)“ o (T ()

IN

=

(iit) P(b - d 4 a)
Lemma 1.3. P(b/Ad 4 a)~2 (%)m'm_l + (%)2"

Proof. Let X' = X — {a,b}, Y/ =Y — {d}. For the lower bound, we calculate
the probability P({ the edge between b and d, and the edge between d and a,
form a directed path from a to b} N ({0 = O =0} U{O0, =1, =0} U{I; =
I, = 0})), which is 2 (%)m—m_l + (%)271 - (%)m”n_?), by inclusion-exclusion;
PbAdAaz2(5)"" " +(3)" - ()"

To get a working upper bound, it is sufficient to calculate the probability
of there being no path from b to d or from d to a, either of length at most 3.
Conditioning on I, = 5,0, =T,1; = U,O4 = V, there may be no edge from T

IN



6 Chapter 1. Directed paths in random orientations of K, »

to U, nor from V to S. The edges {b,d} and {a,d} form a directed path from
a to b. This implies that S and 7" must be disjoint.
Hence

P(b A d A a)

S, T,UV

IA

s=0 u=0

The sum of the terms for which s =¢t=0,t=u=0o0rt=u—(m—2)=0
equals the lower bound. The remaining sum is split into the following cases: Si:
s, t>a,S: 1<t<a<s, Sg 1<s<a<t,and Sy:1<s,t<a.

S; < 22a (2)2n+m 2 ( ) n—1—s (n 2 s) E;n 02 (i)a(m 2) _
(%)2n+m72 3n71 (1)(a 1) m— 2) _ (( )m+n 2 " (%)2 )
S2 ( )2n+m 2 (

m+n—1 2n
o((3) +(3) )-
By symmetry with Sy, we deduce S3 = 0((2)m+n g (%)%)
S4 ( )2n+m 2 (n o 1)2aa2 _ 0((%)m+n + (%)QTL).
We conclude that

o apa~a (1) ()

(iv)eAbAa

Lemma 1.4.

{OC — Ia = @} U {Ib = Ia — @}) Z 3 (%)2'” _9 (%)Sn

For the upper bound, we will sum over U C Y, V =Y' -U, S C U,
and T C V. When doing so, an expression for the probability that a given
vertex 2/ € X’ is not a TU-witness and not a VS-witness is needed. The
probability of the complementary event is the probability of x’ being a TU-
witness or a V S-witness. The separate probabilities for these last two events
are P(z' is a TU-witness) = (1 - (%)lTl) (1 - (%)‘Ul) and P(z’ is an SV-
witness) = (1 — (%)ISI) (1 — (%)IVI). The probability of their intersection is

(1 - (%)‘S‘) (1 — (%)lTl), using S C U, T C V, By inclusion-exclusion, we get

Y PbAdral,=80,=T1=U04=V)P(Ia=S50,=T1,=U04 =

TR IR

DT (T I (4 >’f““<m ()T
Do (7 S (7 )(%)““*’”“7(%)2(’” ) n-1)2a27 (14 (3)°7)

V)



1.1. Preliminary bounds 7

P(z € X’ is not a TU-witness, nor a V. S-witness) = 1— (1 - (3 )‘T‘) ( (3 IU‘)—
1
2

(1 (3 )ISI) (1 - (5)“/')—1—(1 - (E)IS\) (1 - (%)m) which simplifies to ( ) Ly
(

)\V\ B (%)\T\HU\ _ (%)\SHIV\ 4 (%)\SHITl.

Plc A b+ a)

= Y Pletbtala=80.=T1,=U0,=V)P(I, =50, =TI, =U,0, = V)
S, T, U,V

3n
1
< Z P(no z € X' is a TU-witness, nor a V S-witness) <2>
5,T,UV

WS OO0 0T

The sum of the terms with s =t = 0 or u = 0 or v = 0 equals the lower

bound. The other terms sum to 0((%)%), as we now turn to show. Since (u,t)

and (v, s) are interchangeable, we need only consider the following cases: S: s,
t>a; 5 1<s<a<tu S3: 1<s<a<t,l1<u<a S 1<s,t<a.

s=(3)” X OzOsOE-0-07-07 07
()2 OORO0 @

u=0,u+v=n

which is 0((%)%) when choosing « large enough (e.g. o > 2(1+1/3)).
Note that t > aa = v > «a.

&5<5“zzmﬁziﬂﬂzgxwwef>
enough «
Sy < (1) e e L () (D) + () + (D)) = o((2)™)

for large enough «.

S1< (3) " % = o((3)™).
Consequently P(c /4 b/ a)—3 (%) ((%)%) O

mee 0((%)%) for large

(v)dAbAa
Lemma 1.5. P(d /4 b/ a) ~ (
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Proof. Let X' = X — {a,b},Y' =Y — {d}.

As before, we have the simple lower bound: P(d £ b4 a)>PH{04=0,=
@}U{Od—l —@}U{Ib I _@}) ( )m+n +(%)2n_( )m+2n 3

We bound the probability from above by the probability of there belng no
path from d to b or from b to a of length at most 3 or 4 respectively. The edges
{a,d} and {b,d} are both directed towards d. Condition on Oq =T, I;, = U,
I, =S5, 0, =V. No edge is directed from T to U, and S C U. These conditions
imply that no z € S is a VU-witness. In addition we forbid any z € X’ — T to
be a V S-witness. The events 'z is a V' S-witness’ are independent for z € X' —T
and independent of the other necessary events just stated. We obtain

P(d b+ a)

> PldAbAalOg=T1,=U0,=V,I,=S)POg= 81, =T1,=U,1I, = 5)

RSO0 (0007

(
12 - 1 0Ny et
-G ER OO 66 -6)7)
For s = 0 we obtain the following sum: (
(3 (2m 2 =% (3)" 7+ (1
BT =) (%)m” 2+(%) ")
Forv=0=n—1-uw (%)%er 22 01(
O(4)™ "), as i (14 (1)) =1

Split the remaining sum into the following cases: S; : 1 <u <, S3:1<
s<a<wu,v, Sz3:a<suv, Si:1<s,v<aqa, S5:1<v<a<s.

Clearly, 51 = 0((2)m+2n g (5)27;).
n— n—o (n— -2 m - n
Se<n(3)"TEI (U () + ()" =0((§) )™,
for av > 21, which is easily seen by consldermg B<1a ﬁ > 1 separately.
m+2n—2 n—a (n m—+2n—2 m—2
S ()" () T () 6 (1)) S ()
3" =o((3) +(3)7):
Sy = 0((2)m+2n 4 (%)%), since ; is the sum of a constant () number

of o((% )m+2n g (3) n) terms.
S5 < an (3TN0 () ()7 + () = ant (1) () + (3))
0((2)m+2n g (%) ") for a > 2.

Finally,
1 m+n—2 1 2n
s~ (1) (1)

IA
Il 3
o

=
~—
[v]

3
+
3

|
[\v]

s 3
I
(=N
—
3
S
—
o ~—"
3 —~
—
=
~—
S
—+
—_
~—
i
no

I

m—2
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1.2 Results

A good measure of the covariance between {x 4 y} and {y /4 z} is the relative

’ P@ />y 4 2) = Ple 4 y) Py # 2)
Pz £y 2)
Note that this expression can be written as
Pt yPy i) Py
Pz Ay # 2) Pz £ yly / 2)

The results above can be used to compute the limit of the relative covariance
between {z 4 y} and {y /4 z},

L Pty 2) = Pl £ yPly /- 2)
e PloFy2)

As an example, suppose z,y € X, z€ Y and § < 1.

Then 1 m+n—2 1 2n 1 2n
rervra~(3) () ~ ()

the expression for P(d /4 b / a).
Similarly

1

. (1.1)

P@%WDN2(;yi

0" " 0"
P ~ = Z) o~ () .
wra~(z) () ~ ()
Putting these results together we get

i F@Ayp2) - PlasryPlysz) 1

s Pla £y 2) 2
for this choice of z, y, z, and S.
The other possible values of (1.1) are summarized below. The result of our
example computation is underlined.

and

X|Y|[B<l|m=n|pg>1
T -1/3 -1/3 | -1/3
T,y | z 1/2 1/5 -1
T,z |y 1 1/5 0

From these results, one might suspect {¢ # b} and {b / a} to be negatively
correlated in any complete bipartite graph. However, numerical results suggest
that when n is much greater than m, the correlation is positive and can be arbi-
trarily close to 1 for arbitrarily large values of m and n (that is, of min(m, n)).
For example, the relative covariance in the case m = 3, n = 31, z,y,z € X is
about 99.8%.

When m ~ n, the limit of the relative covariance is not given by the table
above, except in the m = n case. It is, however, not difficult to see that the
value in the first row in the table actually is —1/3 even in the m ~ n case.
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Another model

Let p € [0,1] and let an edge (z,y) with 2 € X, y € Y be directed this way
with probability p and the other way with probability 1 —p. How do the results
change?

1.3 Exact recursions

We will now derive formulas allowing for efficient calculation of the probabilities
estimated above (as functions of m and n; here we assume m and n to be free
variables).

P(a 7 b), P(a# d)

Let X' =X — {a,b}, Y =Y — {d}.

Note that for arbitrary x, y, P(x /4~ y) = P(y / ) (reverse all arrows) and
that the probabilities in the title may be written as P(K /4 a) for K = {b}
and K = {d}. Generalizing this to aribitrary sets K C X or K CY we obtain
functions of K, m, n for which two simple recursion formulas hold.

As a notational convience, we will assume that K C X’ and L C Y’, L play-
ing a similar role to that of K. Now, let fx(m,n,K) = P(K 4 ain K, ,) =
Pon(K # a), and fy(m,n,L) = P, (L # a). Note that fx(m,n,K) and
fx(m,n, L) depend only (apart from m and n) on the cardinalities |K| and
|L| of K and L. Define fx(m,n,|K|) and fy(m,n,|L|) to be these common
values. We will often use k and [ to denote |K| and |L| respectively. Hence,
using the notation just introduced, we have fx(m,n,1) = P, ,(a /4 b) and

fr(m,n,1) = Py, n(a /4 d). l
POx = L1) = (1= (3)") (1" = G- Similarly, P(OL = K) =

é?;i?)ll Now condition on Og = L. Observe that Py, (K /4 a|Ox = L) =

Pp—kn(L 4 a)), since any K — a-path passes through L (thinking of K,,_j »
as Ky, — K). Similarly P, o(L 4 a|Op = K) = Ppni(K 4 a) (%)l, the
extra factor due to (cumbersome notation and) the fact L / a = no arrow
from L is directed towards a. Using this, one has

fx(m,n, k) = fx(m,n,K) = > Ppn(K 4 alOg = L)P(Ok = L)

LCY!

—Z() 1~ km),

and

fr(m,n,1) = fy(m,n,L) = > Pnu(L# alOL = K)P(OL, = K)

KCX’

mi( >(21)fX(mnlk)

=0
Observe that by definition, fx(m,n,0) = fy(m,n,0) =1 for all m, n.
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P(d 4 b+ a)and P(c /A b4 a)

Let gx(m,n,K) = gx(m,n,k) = Ppn(K 4 b 4 a) and gy(m,n,L) =
gy (m,n,1) = Py n(L 4 b4 a). Assume O = L. Then the following equality
holds.

Pon(K A b4 alOx =L)=Py_pn(L A b4 a) (1.2)

To prove (1.2), we argue that any orientation of K, , whose restriction to
Kpn — K satisfies L /4 b /4 a, satisfies K 4 b /4 a (and the converse is
obvious). To see this, observe that any b — a-path in K, , passes through L if
passing through K and that all edges between b and L are directed away from
b. In a similar (easier) vein,

Pon(L £ b 4 0|0 = K) = Poni(K /b4 a).

We may now write down recursion formulas for g.:

gx(m,n, k) =gx(m,n, K) = Py (K 4 b+ a)

=Y Pun(K £ b4 a|Ok = L)Pyn(Ok = L)

LCY’

:lz() (i) )

and
gy (m,n,l) =gy (m,n,L) = Py n(L 4 b/ a)
= 3" PunL A b4 alOy = K)P(O, = K Z(m 2) E D =i, b).
KCX' k=0

Note that gx(m,n,0) = gy (m,n,0) = fx(m,n,1), since, by definition, the
empty set reaches nothing.

P(b#d# a)
Proceeding as before, let hx(m,n, k) = P, (K /4 d 4 a) and hy (m,n,l) =
Ppn(L 4 d+ a). Then

x(m,n, k) Z("”)Z 1)hy(m k,n, 1),

and

,_.

hy (m,n, 1) ( ) )th( n—1k).

k=
Additionally, hx(m,n,0) = hy (m,n,0) = fy(m,n,1).

O
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Random graphs

Definition 1.1. Given a graph G whose edges e are labeled by real numbers pe
lying in [0, 1], we define the random graph associated to G, or simply the random
graph G, to be the probability distribution on all subgraphs w of G satisfying

Pw = JI » II (-po)

e€E(G)we=1 e€E(G):w.=0

Here w, is 1 if the edge e is in w and 0 otherwise.

For convenience, we will say that (G, p), or simply G, is a random graph,
without risk of confusion.

We can generate an outcome w of G by deciding for each edge e whether
or not to include e in w, the probability of including e being determined by p.,
and these choices are made independently of each other. Note that any random
graph G is completely described by its underlying weighted graph G.

By choosing G to be the complete graph on n vertices and letting all edge
labels equal some chosen p € [0, 1] we obtain the random graph G(n, p), arguably
the single most investigated random graph model (see, for example, [1]).

Aas, 2010. 13
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Chapter 2

A conditional correlation in

G(n,p)

In this chapter we will study events in a random orientation of G(n,p), that is,
for each unordered pair of vertices {u,v} (the total number of vertices is n),

e with probability 1 — p, there is no edge between u and v,
e with probability p/2, there is a directed edge from u to v,
e with probability p/2, there is a directed edge from v to u,

these cases being mutually exclusive.
Let a, b, ¢ denote distinct vertices in a randomly oriented G(n,p), A = {a 4
C}a B:{C#b}v C:{b#a},x:p/ly:l—x

In [10] it is shown that the relative covariance satisfies

P(ANB) - P(A)P(B) _, P(AP(B) _2p—1
P(ANB) - P(AnB) 3

(2.1)

We now show that when conditioning on b — a, in our notation C°¢, this
limit persists.

Theorem 2.1. Let A, B, C be the events described above. Then

P(a /> c/blb—a)—Pla A clb—a)P(cAbb—a) 2p—1
P(a # ¢+ blb — a) -3

Proof. Using the notation introduced above, we may write the left hand side as

P(ANB|C) — P(A|C)P(B|C?) _ | P(ANC)P(BNC)
P(AN B|C?) ~ P(COP(ANBNCe)

(2.2)

In [10] it is shown that P(4) = P(B) = P(C) = O(y™), P(ANn B) =
P(ANC)=P(BNnC)=0(y*).

Observe that P(ANC°) = P(A) — P(AnC) = P(A) — P(AN B) and
P(ANBNC¢)=P(ANB)—P(ANnBNCQO).

Aas, 2010. 15
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Suppose P(AN BN C) = o(y*"). In this case, we can rewrite (2.2) as

P(A)P(B)(l o P(AOC))(l _ P(BOC))

1= P(4) P(B)
P(Ce)P(ANB)(1— %) ;

which, by the remarks above, has the same limit as

P(A)P(B)

P(ANB)’

so what remains is to show that P(AN BN C) = o(y*") = o(P(AN B))
indeed holds.

Let Fy = {Oy = O, = 0}, Fy = {O = I, = 0}, F5 = {I, = I, = 0}, and
F = F, UF,UF;. Clearly, F C AN B. From [10],

1

P(F)=¢y*"3(3-2y"%) < P(ANB) < 4" 3(3+ 0(1)).

Hence
0 < P(ANB)— P(F) <y ?o(1) = o(y*"),

and so we may write ANB = (ANBNF)U(ANBNF°) = FU(ANBNF*®), with
P(AN BN F¢) = o(y*). Now in order to deduce P(AN BN C) = o(y*"), we
need to show that P(F'NC) = o(y?®"). Tt is sufficient to show that P(F; N C) =
o(y®). Tt is intuitively clear that P(F, N C) < P(Fy;NC) = P(F3NC). Since
the three cases are all similar we prove only P(C' N F;) = o(y?"). Note that
l-p<1-p/2=y.

P(CNF) = > P(CNF,N{I,=8}N{0, =T})
S, TCV—{a,b,c}:SNT=0

n—3 n—3 n—3—s n—3—s
- ( s ) ( " )xs+tyn2tll(1—p)n2sy"1P(no edge from S to T')
=0

n—3 n—3
n—3 =3\ it on-d-s—t st 2 2
— n S n S S — nO n — n
y;(s);<t>x y v =y"0@y"") = o(y®"),

the penultimate equality being more or less equivalent to lemma 2.1 in [10]. O

The original motivation of Theorem 2.1 was the conjecture of the events
{z — y} and {y — z}, conditional on {z — y}, being nonnegatively correlated,
in any random graph, which hence might admit a proof more conceptual than the
computation given above. The theorem above shows that there are graphs for
which this conjecture is false. Indeed, the graph in Figure 2 is a counterexample.
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X y

Figure 2.1: A counterexample
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Chapter 3

Two equivalent models

In this chapter we will use the notion of mixed random graphs, random graphs
having both undirected and directed edges. Note that this model is fundamen-
tally different from the random orientation model considered earlier.

Definition 3.1. A mized random graph is a random graph in which each edge
18 either directed or undirected, and any edge e is present with some given prob-
ability pe.

The following theorem is given in [11].

Theorem 3.1. Let G1 be a mized random graph and G2 the result of picking an
arbitrary undirected edge e in G1 and turning it into two directed edges going in
opposite directions, both new edges being open in Gy with the same probability
as e in Gy, independently of each other. Then

Fa,(z = y) = Pa,(z — ).

Proof. Note that removing e in G or its two copies in Go gives the same graph,
call it G'.

Let H1 ={z —wu,v —» y,x Ayin G'}, Ho ={z — v,u — y,x /A yin G'},
and H = H; U Ho. Note that H; NHy = . We regard H as an event in both
G1 and G2 (with Pg,(H) = Pg,(H)). The event H may intuitively be thought
of as ’the state of the edge(s) between u and v determines whether z — y or
T +/ y, given the states of all other edges’.

Clearly Pg,(xz — y|H®) = Pg,(z — y/H®). Now, Pg, (v — y/Hi) =
Pg,(x — y|H1) = p, since © — y, conditioned on Hy, holds in Gy or Gy iff {u, v}
is open in G; or iff (u,v) is open in Gy respectively. We may use similar rea-
soning to show Pg, (z — y|H2) = Pg,(z — y|Ha2). Collecting these facts gives
PGI (.Z’ - y) = PGI (.’I} - y|HC)PG1 (Hc) + PG1 (.1‘ - y‘Hl)PG1 (Hl) + PG1 (.%‘ -
y|H2)PG1 (HQ) = PGz (33 - y|HC)PG2 (Hc) +PG2 (J} - yIHl)PG2 (Hl) +PG2 (1‘ -
y|H2)Pa,(H2) = Pa,(x — y). O

Remark 3.1. Repeated application of this theorem shows that the probability of
{z — y} does not change when turning some set of undirected edges into directed
edges or the other way around. In particular this probability is the same in the
case when all edges are undirected as in the case when all edges are directed, a
result proved in [3].

Aas, 2010. 19
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y  TTTTTTTTTTTTTmmmmmmmmmmme y

Figure 3.1: The graph on the left could be the result of giving the Petersen graph
a uniformly chosen random orientation. The graph on the right could similarly
be the outcome of a random graph process on the Petersen graph, where each
edge is removed with probability 1/2 (drawn lines correspond to open edges,
dashed lines to closed edges). As a consequence of Theorem 3.2, the probability
of seeing a (directed) cycle is the same in the two graphs.

This theorem may be modified slightly to the notion of random orientation
used in the previous chapter, as follows. Suppose instead G; has an undirected
edge with parameter 1/2 and G2 has a randomly (uniformly) oriented directed
edge in the corresponding position. A similar proof shows that the P(z — y) is
the same in (G; and Gs.

In [3] a stronger result is proved, namely that the out-clusters in the two
models have the same distribution. The argument above is easily modified to
cover this result as well, by first proving that P(C.'g: cT) = P(C.'; C T) holds for

any subset T' of vertices and from this deducing that P(C, =T) = P(C_'gﬂ> =T)
for any T. To prove the first claim we could condition on each of the events
Hs = {z — v,z A u,C_>’u = S} and Hy = {z — v,z 4 u,a = S} for each
subset S of nodes and observe that P(C.; C T|H) is the same in G; and G, for
any subset 7" of nodes.

Another result in the same spirit (and which can be proved in a similar way)
is the following (see [4]).

Theorem 3.2. Let G1 and Go be as in Theorem 3.1. Then
Pg, (There is a directed cycle) = Pg,(There is a directed cycle)

This result is illustrated in Figure 3.1.



Chapter 4

The bunkbed conjecture

4.1 Bunkbeds

Given an undirected random graph G and a subset T' C V(G) of its vertices,
define its associated bunkbed graph B(G) with transversal set T, B(G), as fol-
lows. Create two copies of G (call one copy the lower layer, G, and the other
one the upper layer, G;), For each vertex ¢t € T, identify ¢y and ¢; and call the
resulting vertex t as well. These identifications potentially create parallel edges
in the resulting graph. Remove any of the two edges in each such pair. The
choice does not matter as the labels of two such edges necessarily are equal.
Define B(G) to be the resulting random graph. The formation of B(G) from G
is illustrated for a particular graph G in Figures 4.1-4.4. The set of vertices in
the bunkbed graph created when identifying pairs of vertices coming from 7' is
naturally identified with 7. We define G, = G;—T for i = 1, 2. If z is a vertex of
G, zo and z; will denote the two natural images of = in B(G). Similar notation
will be used for edges. By convention, for vertices and edges v and e inside T’
we have vy = v; and eg = e;. For an edge eg or e; of the bunkbed graph, p. is
the probability of either edge being open. Each edge is open independently of
all other edges.

Aas, 2010. 21
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Figure 4.1: A graph with a distinguished set T of vertices

x1 yl

u0 vO
X0 yo
Figure 4.2: Two copies of the graph, indicating the identifications to be per-
formed.
x1 yl
x0 y0
Figure 4.3: The result of identifying pairs of vertices coming from 7.
x1 yl
x0 y0

Figure 4.4: Here, one of the two parallel edges has been removed.
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4.2 The bunkbed conjecture

The bunkbed conjecture (BBC): For any two vertices x, y and subset of vertices
T of any random graph G,

Ppcy(xo < yo0) > Pp(a)(zo < y1).

This is intuitively clear. However the conjecture has resisted many (suppos-
edly all) attempts of being proved rigourously. This conjecture was formulated
by Kasteleyn in 1985, and since [8] it is known as the bunkbed conjecture.

The conjecture is clearly true if z,y ¢ T or T = (). These possibilities will
be ignored in the sequel.

When |T| = 1, say T = {t}, the conjecture is a consequence of Harris’
theorem on increasing events, viz. Clearly, P(zg < yol|zo ¥ t) > P(axg <
y1|lxo ¥ t), since the right hand side is 0. Since {xg < t} and {¢t < y1} are
independent, P(zg < y1|xg < t) = P(t < y1]|zo < t) = P(t < y1). Hence
P(zg < yolzo <« t) = P(t < yolzo « t) > P(t < yo) = P(t < y1), the
inequality following from the following special case of Harris’ theorem [13],

Theorem 4.1. If s,a,b,t are four (not necessarily distinct) vertices in some
random graph G, the events {s < t} and {a < b} are positively correlated, that
18

P(s < t,u < v) > P(s < t)P(u < v),

or, equivalently,
P(s < tlu < v) > P(s < t).

Hence P(xg < yo) > P(xo < y1) in this case.
In [6] the following interesting generalisation of the theorem above is proved.

Theorem 4.2. For any s,a,b,t € V(G), G a random graph,
P(s < a,s < bls b t) > P(s < als & t)P(s < bls & t).

This statement, in contrast to Harris’ theorem, is not intuitively clear (at
least not to the present author).

The motivation of Theorem 4.2 was in fact the bunkbed conjecture. The
theorem implies that P(xg < yols ¢ t) > P(xo < y1|s > t) when T = {s,t}
contains only two vertices. Hence what remains open in the case |T'| = 2 is to
show that P(zg < yo|s < t) > P(z¢ < y1|s < t). It is interesting to note that,
conditional on {s < ¢}, the events {s « a} and {s < b}, are not positively
correlated in general. Hence this remaining open case needs an argument more
specific to bunkbed graphs (supposing, as we are, the conjecture holds).

In [12], the bunkbed conjecture is shown to hold true for all outerplanar
graphs G. This result makes use of the model described below and proves a
generalization of the conjecture to hypergraphs.

Minimal counterexamples

Let G, z,y be a minimal counterexample to the bunkbed conjecture in the sense
that Pg(xg < yo) < Pp(xg < y1), where B = B(G), but that this is not true
of any minor of G. Recall that a minor of a graph G is a graph obtained from
G by contracting or deleting edges. For any random graph H having vertices
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Zo, Yo and y1, let A = Py(zo < yo) — Pu(xo < y1), and F be any event.
For example, ege; will denote the event {eg is open and e; is closed}. Define
Ap(F) = Py(xo < yo|F) — Pg(xzg < y1|F). Let e be an edge in G with both
endpoints in T'. In this case eg = e;. Then

Ap =peApje + (1 = pe)Ap_c = pelAp(aye) + (1 — pe)ApG-e)s

which by hypothesis (G/e and G — e are not counterexamples) is positive. This
contradicts G being a counterexample. Hence there can be no edge with both
endpoints in 7.

Let e be an edge in G with at least one endpoint outside 7', so that eg # e;.
Then

Ap = Ap(eger) + pe(l — pe)(Agp(eoer) + Ap(€er)) + (1 — pe)*Ap(€er)-

By hypothesis, Ag(ege1) = Ap(ge) and Ap(€ger) = Ap(g—e) are both non-
negative. Hence Ap(eger) + Ap(€ger) must be negative. Disproving this would
give the desired contradiction that no minimal counterexample can exist. Hence,
to show the bunkbed conjecture, it is sufficient to show that P'(xg < yo) >
P'(zo < y1), where P’ is the probability measure conditional on (),cp e { €i-
ther eq is open and e; is closed or eq is closed and e; is open}. Note that this
model easily is thought of as a process in G rather than B(G).

4.3 Expected cluster size

To prove BBC, we would like to show that for each pair of vertices (z,y), the
inequality

P(zo < yo) — P(zo <> y1) >0 (4.1)
holds.
An obvious necessary condition is
> (P(wo < o) — Plao < 11)) > 0, (4.2)

Y

for each vertex x.
In fact, this necessary condition is also sufficient for BBC to hold.

Theorem 4.3. If (4.2) holds for every random graph, then (4.1) holds for every
random graph.

Proof. Let (G,p) be a random graph. Assume for the sake of contradiction
that there are two vertices z, z in G for which (4.1) fails, that is, for which
Pa(zg < 2z9) < Pg(xg < 21). For each r > 0 define a random graph (G, p;)
by adding 7 new vertices of degree one, all connected to z. We leave T fixed.
Let the labels of the new edges be 1 and keep the labels of the original edges.
A simple computation shows that

> (Pe,(x0 < yo)—Pa, (0 < y1)) = Y _(Pa(w0 < yo)—Pa(xo < y1))+r(Pa(xo < 20)—Pa(zo < 21))

By hypothesis this expression tends to —oco as r tends to infinity. Hence there
is some rg for which this value is negative. Hence the graph G,, contradicts
(4.2). O
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Actually, the left hand side of (4.2) has a more direct interpretation. To see
this, observe that the random variable |Cy, |, where C,, denotes the (random)
set of vertices connected to xg by open paths, can be written

‘Cwo| = Z I(JZO A Z)7

z€B(G)

where I(zg < 2) is the indicator variable of the event {zy < z}. Taking
expectations, we have

E|Cy| =FE Z I(zg < z) = Z E(I(zg < 2)) Z P(xy < 2).

2€B(G) 2€B(G) z€B(G)

A similar argument (splitting the sum into the cases z € Gg and z € G4
(the terms corresponding to z € T are all zero)) shows that the left hand side
of (4.2) may be written

> (P(zoyo) = P(zoyr)) = E(|Csy N Gol = |Cay N Ghl).

Hence BBC is equivalent to the possibly even more intuitively clear state-
ment that E|Cy, N Gyl > E|Cy, N G1| for each graph G. Observe that this is
equivalent to the statement E|C,, N G{| > E|Cy, N GY].

It is now natural to sum over both = and y in (4.1) instead of just one of the
vertices, and ask whether the result is nonnegative:

> (P(zoyo) — Plaoyr)) = 3 E(|Cuy NGol = [Coy NG 20 (4.3)

z,Y

This is another necessary condition for (4.1), whose sufficiency for (4.1) seems
harder to prove. However, it’s easier to show that this statement is indeed true.

Theorem 4.4. For any random graph G, the expression in (4.3) is nonnegative.

Proof. Below, @ denotes a partition of the vertices of B(G), sums over ) run
over all possible such partitions, and P(-|Q) is the probability measure condi-
tional on
Hq := {the equivalence classes of the relation "z reaches y’ are given by the blocks of Q}.
By P(Q) we mean P(Hg). As usual the elements of a partition are blocks B,
that is, pairwise disjoint subsets of vertices whose union is all of V/(B(G)).
|C. NGyl — |C. NGy ifz € G
For a vertex z in the bunkbed, let X, = 0 ifzeT
|Ce NG| —|CNGy| ifzeG]
Let B be a block of Q). Since X, depend only on which vertices are reachable
by open paths from which, X, is completely determined given Hg. To evaluate
> zep E(X.|Q), note that for z € BNGYy, we have E(X,|Q) = |[BNGyH|—|BNGY|;
for z € T, E(X;|Q) =0, and for z € BN G}, E(X,|Q) = |BNG|—|BNGy|.
Hence
> E(X.|Q) = (IBNGy| - |BNGy|)*.

zEB
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Now,

2 > (P(xo < yo) = Plao < 41)) =2 Y E(|Cu, N Go| — |Cay N Gh)

z,ye€G zeG

= Z E(X,)

z€B(G)

=Y Y EQ_ XIQPQ)

Q BeQ rEB

=YY (BnGH - BNG)*P(Q) > 0.
Q B

O

Note that a partial sum of the sum in (4.3) is > (P(zo < x¢) — P(zo <
x1)) = >, (1—=P(zo < x1)), which certainly is nonnegative. Do the other terms
have a positive sum as well? That is, does

> Plag < yo) — Pzg < y1) =0 (4.4)
z,Y:TAY

hold? If so, this would show that in any bunkbed graph, there are two differ-
ent vertices x, y for which P(xq <« yo) > P(zo < y1). Hence the following
conjecture is a weaker version of BBC.

Conjecture 4.1. For any random graph G, (4.4) holds.

The inequality (4.4) has an interesting reformulation:

Claim 4.1.
> Plxoyo)—Plzoy) = > ((IBNGyl—[BNGL)* - (IBNGyl|+[BNGL)) P(B),
T,y xH#Y BCV(B(G))

where P(B) denotes the probability of the subset B of nodes forming a component
in B(G).

This claim is easily proved by the method used in Theorem 4.4.

If we attempt a similar construction used in 4.3 to prove that (4.3) = (4.2),
we get a non-trivial, though nonpositive, lower bound on P(z¢ < ) — P(x¢ <
y1) in terms of P(xg < x1) and P(yo < y1).

Let x and y be vertices in a random graph G. Construct G, by joining r — 1
new vertices each to x and y. These new r-sets of vertices will be denoted by X
and Y. Probabilities taken in G are denoted by P, those in G, by P’. The sum

Z (PI(U() <—>U0) —P/(’U,O <—>’Ul))

u,veV(G,)

is a quadratic polynomial in r whose coefficient in front of 2 necessarily is
nonnegative, as we otherwise would be able to find counterexamples to (4.3).
This coefficient is easily computed to be 2(P(zg < yo) — P(zo < y1)) + (1 —
P(xzo <> x1)) + (1 — P(yo < y1)) (these are, from the left, the contributions
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from the cases (u € X,v € Y orv € Y,u € X), (u,v € X), (u,v €Y)). We
deduce that for any graph G,

P(xo < 21) + P(yo < y1)
2

P(z0 < yo) — P(xo <> y1) > -1
Interestingly, this inequality is an equality for graphs with P(xg < x1) =
P(yo < y1) = 1. Tt seems highly probable that the left hand side is large when
the right hand side is small (varying G).
One may prove a similar inequality concerning E|Cy, N Go| — E|Cy, N G4
and P(xo < 1) by replacing each vertex except = by an r-clique.

4.4 Limiting cases

Consider a bunkbed graph with all edge parameters equal to some variable
p € [0,1].

Letting all edge parameters equal the same number is not a very strong
restriction, since, by adding parallel edges and subdividing edges, any (finite)
random graph can be arbitrarily well approximated (two random graphs are ap-
proximately equal if all values P(z < y) are approximately equal) by a random
graph with all edge parameters equal to some (small) number p.

When p — 07, will P,(zo < o) — Py(zo < y1), suitably normalised, tend
to a nonnegative value?

The following asymptotics are easily verified:

P,(z0 < yo) ~ N(z0,0)p"

and

P,(xo < y1) ~ N(zo, yl)pdl,

where d is the distance between z¢ and 39, d’ the distance between xy and
y1, and N(s,t) is the number of distinct paths of minimal length between s and
t. Observe that d < d'. If d = d' then N(xg,y0) > N(xo,y1), as can be shown
by mapping length d paths « from zg to y; injectively to length d paths 8 from
o to yo; let B be the path following a to the last vertex ¢ at which « enters
T. The last segment of 8 will be the mirror image of the segment of a coming
after t.

Graphs for which either of these inequalities are strict will hence satisfy the
bunkbed conjecture in the limit p — 0.

When p — 1 the interesting quantities, in a sense to be specified, are
C(zo,y0) and C(zg,y1), where C(s,t) is the size of a minimum cut separat-
ing s and t. Suppose the number of edges in the bunkbed is m, and define

Ay, = #{subgraphs with xg < yo and exactly m — k edges},

and
By, = #{subgraphs with z¢ < y; and exactly m — k edges}.
Then P(zo < yo) = >, Aep™ *(1—p)* and P(zo < y1) = 32, Bep™ *(1—
).
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Note that if ¥ < min C(z,yo0), C(zo,y1)) =: D then Ay = (Tg) = Bj,. Hence
F(0) == Py(wo — yo) — Polro — y1) satisfies £(p) = a(1 —p)P + o((1 — p)?)
for p close to 1 and some constant a. For the bunkbed conjecture to hold for
p arbitrarily close to 1, we must have o > 0. But o = C(zg,y0) — C(x0,y1)
whence C(zg,y0) > C(zo,y1). By the min cut-max flow theorem this is the
same as F(zo,y0) > F(zg,y1), where F(s,t) is the maximum flow between s
and ¢ in the flow network obtained by turning each edge of the bunkbed into a
two-way unit capacity edge. Thus, in the limit p — 17, the bunkbed conjecture
predicts

F(zo0,Y0) > F(xo,y1)-

Indeed, with some effort, we can show this to hold true in any bunkbed flow
network.

Theorem 4.5. In the notation above,

F(x0,Y0) > F(xo,y1)-

Proof. Let F be a maximal flow from xg to y;; that is, z( is the unique source
of F', y; the unique sink. A flow is said to be feasible if it satisfies the capacity
constraints at all edges, and a maximal flow is understood to be feasible by
definitio by definition.. Since our capacity constraints are all integers (indeed,
all 1), by the well-known integrity theorem from flow theory (see, for example,
theorem 8.1 [7]), we can assume F to be integer valued. Since the capacity
constraint on each edge is 1, this means that F' takes either the value 0 or 1 on
each edge.

We prove the theorem by finding a feasible flow f’ from xg to yo of same
strength as F'.

Observe that F' can be decomposed as F' = Fj + Fp + Fy, where Fj is zero
on all edges having no endpoint in Gy, Fr is zero on edges not having both
endpoints in 7', and F} is zero on all edges having no endpoint in Gf.

We can think of Fy as a flow from xq to T, Fr a flow inside T', and F; a flow
from T to y;.

Let f = Fy + Fr + oF), where pF) is the flow satisfying ¢Fj(u,v) =
Fi(pu, pv) for all u,v. Here ¢ is the involution turning the bunkbed ’up-side
down’, that is, ¢(z0) = 21, p(21) = 20, and @(t) =t for all z € V(G), t € T.

Observe that f is zero on all edges having at least one endpoint in G.

The flow f is clearly a flow from zg to yg of the same strength as F.

However f need not be a feasible flow, since the flow of f over some edges
might equal 2; we call such edges f-bad. It is easy to see that if the flow of f is
not 2 over any edge, then f is feasible.

Given a directed cycle or directed path X, denote by u(X) the unit flow
associated to X given by sending one unit of flow along each edge of X.

Since the only source of Fy is xg and all sinks lie in T', F;y can be written as
the sum of u(P), where the P are directed paths going from z to vertices in T'.
These paths will be called U paths ("U’ as in going Up from z( to T). Similarly,
the paths going from T to yy corresponding to a unit flow decomposition of pF}
will be called D paths.

Clearly, any two U paths and any two D paths are edge disjoint.

We would like to turn f into a feasible flow f’ of the same strength.
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To achieve this, we will first find a collection C of directed paths and directed
cycles satisfying certain properties.

Initially, our collection will consist of directed paths only. These paths will
be initial segments of D paths. Specifically, for each D path « containing at
least one f-bad edge, include in C the initial segment of « ending with the last
f-bad edge occurring along a.

Observe that C satisfies the following properties

e Each path P in C begins with an edge incident to some vertex in 7" and
ends with an f-bad edge. We denote this f-bad edge by e(P).

e No two elements in C share an edge in the same direction.

e The set of constraints violated by f — u(X) is a subset of those violated
by X, for each element (path or cycle) X in C. (Phrased differently, the
flow of f is at least 0 at any edge of X, taking the positive direction to be
the direction of X.)

e Each f-bad edge is included in exactly one element of C (in the direction
of flow of e).

Below we will define an operation on C which preserves these properties.

Note that each f-bad edge is included in exactly one D path and exactly
one U path. Conversely, any edge which is shared in the same direction by one
U path and one D path is f-bad.

Let P be a path in C, e = e(P) its final (necessarily f-bad) edge. Denote by
S(P) the segment coming after e of the unique U path going through e. Hence
S(P) is a path starting with an edge incident to e(P) and ending with an edge
incident to some vertex of T' (the sink of the corresponding U path; note that
the direction of flow of the U path must coincide with the direction of flow of
e).

When the operation cannot be applied any further, the resulting collection
will have the following additional property

e For each path P, there are no f-bad edges along S(P).

Later, in order to show that the algorithm below terminates after a finite
number of operations, we will show that the (initially finite!) integer describing
the number of jumps, to be defined, decreases strictly after each operation. Each
element of C (path or cycle) consists of f-bad edges and subpaths (which include
no f-bad edges themselves) joining these. If the element is a path, in addition
we have an initial segment starting at a vertex of 7' and ending at the first f-bad
edge occurring along this path.

We call such subpaths steps (hence elements of C are alternating concate-
nations of f-bad edges and steps). Of course, a step might have zero length,
corresponding to two consecutive f-bad edges. At each point we will consider
each step of each element in C' to be a jump or not. In our initial collection we
consider all steps to be jumps.

Below, the interesting quantity will be the total number of jumps among all
elements of C. This integer will be called the jump number (of C').

We will use the fact (which is a consequence of how our initial collection and
the operation below are defined) that each step of any element in C that is not
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Figure 4.6: Case (i): after

a jump, is a subpath of a U path, and that the two f-bad edges this step links
lie on this same U path (and the flow of these edges are in the direction of the
U path).

The operation

Suppose P is a path in C for which S(P) includes at least one f-bad edge. Let e
be the first f-bad edge occurring along S(P). Let @ be the (unique) element of
C traversing e. A few cases arise. Cf. figures 4.5 - 4.10. These figures convey the
general picture rather well, bearing in mind the following remarks: two f-bad
edges might be consecutive, ¢’ (defined separately in each case) might lie on the
same U path as e (but necessarily before e(P) on this U path, by choice of e),
and in case (ii), @ might end at e.

Case (i). Q is a cycle

As will be seen in case (iii) (the only point where cycles are added to C), any
cycle in C will have at least two f-bad edges. Let ¢’ be the f-bad edge occurring
before e on Q.

Let P’ be the path following P to e(P), taking S(P) to e, and ending with
the part of @ between e and €’ (in the direction of (). This will include all
f-bad edges of @ in P’. The jumps of P’ are defined to be the corresponding
jumps of P and @Q. In particular, the step of P’ from e(P) to e is not considered
a jump of P’.

Remove P, @ and add P’ to C.

Since the step of @ between e’ and e is a jump (this follows from our fact
concerning jumps stated above; if this step was not a jump, € would be an
f-bad edge strictly between e(P) and e on S(P), contradicting the choice of e),
the jump number decreases by 1 in this case.

Case (ii). @ is a path different from P

Suppose there is no f-bad edge occurring along @ before e. In this case simply
remove @ from C.
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Otherwise, let ¢’ be the f-bad edge along @ before e. Let Q' be @ cut off
after e/, where a step of Q' is considered a jump if and only if the corresponding
step in @ is a jump. Remove @ and add Q' to C in this case.

Let P’ be the path starting with P, following S(P) to e, ending with part
of @ coming after e (of course, this part might be empty). The jumps of P’ are
defined to be the corresponding jumps of P and Q. In particular the step of P’
between e(P) and e is not considered a jump of P’. Add P’ to C.

In this case the jump number decreases by one (we ’lose’ the step, which is
a jump, of ) from e’ to e. This step being a jump is motivated in the same way
as in (i)).

Case (iii). Q =P

If there is some f-bad edge occurring along P before e, then let R be P cut off
after the latest such edge (we define the jumps of R to be precisely those steps
of R that correspond to jumps of P). Add R to C in this case.

Let O be the cycle ’starting’ at e, following P to e(P), then following S(P)
back to e. The jumps of O are the same as those of P from e to e¢(P). In
particular the step of O from e(P) to e is not considered a jump. Add O and
remove P from C.

The jump number decreases by 1 in this case as well, since the step of P
between e’ and e is a jump.

Note that in each case of the operation, the jump number decreases by 1. It
follows that the operation can be applied only a finite number of times.

Now let C be the collection obtained by repeatedly applying the operation
to the initial collection until this can be done no more.

Given a path P in C, let E(P) be the path P followed by S(P). As a
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consequence of the operation not being applicable to C, no two E(P) share an
edge in the same direction (and, being subpaths of U paths, the S(P) are all
edge disjoint). In addition, no E(P) shares an edge in the same direction with
any cycle in C.

We claim that

‘=f+ Y (puBP) —u(EP)) - Y u(0)

PeC is a path O€C is a cycle

is a feasible flow from g to yg of the same strength as F'.

Clearly, the strengths of the source at x¢ and the sink at yg are of the same
strength as F.

There are no other sources or sinks in f’, as subtracting circulation flows or
adding flows of the form u(P) — pu(P), where ¢ is any function of flows fixing
the endpoints of the directed path P (the endpoints of our P:s are in T') does
not introduce sources or sinks.

Finally we need to show that f’ violates no constraints.

For edges with at least one endpoint in G, this is a consequence of the
elements of C sharing no edge in the same direction, and it is immediate for
edges with both endpoints in T, as f’ conincides with f on such edges.

By the properties of C, decreasing the flow along any element of C' does not
violate constraints already violated. Moreover, the flow over any f-bad edge
along an element of C is decreased by 1. Since each f-bad edge is included in
exactly one C-element, f’ has no’f’-bad’ edges.

This proves our claim, proving the theorem. O

We now consider an example, illustrating the idea of the proof. Consider
figure 4.11. The horizontal lines are the U paths containing at least one f-bad
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Figure 4.11: An example

edge. The D paths containing at least one f-bad edge are 1a2b3, 4c5d6e7 f8, and
9¢g10h11i12. Here the numbers refer to maximal subpaths of D paths containing
no f-bad edges (that is, steps, if we were talking about paths from C; we are not
yet). The f-bad edges are named a,...,: and are drawn bold. There will be
no ambiguity between the flow f and the f-bad edge f. The vertices indicated
with black dots, apart from zy and yg, are vertices in T'. Initially we define C
to be {1a2b,4¢5d6e7 f,9g10h11i}.
Applying the operation (case (ii)) to the f-bad edge i, we get

C = {1a2b,4cbd6e7f — i,9910h},

where we use the notation f — i to indicate following the common U path of f
and ¢ from f to 4.
Next we apply the operation (case (iii)) to the f-bad edge d, and get

C = {1la2b,4c,6e7f — i — d,9910h, 4c},
where 6e7f — ¢ — d is a cycle (which we could just as well have written
e7f — i — db et.c.).
Apply the operation (case (ii)) to g, yielding
C = {1la2b,4c — g10h,6e7f — i — d}.
Operate (case (i)) on f to get
C = {la2b,4c — gl0h — f — i — dbe}
Finally, operate (case (ii)) on 7, to give the final collection

C ={2b— a,4c — gl0h — f — i — dbe}.
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Above steps correspond to numbered subpaths and arrows (*—’). The steps
considered to be jumps are precisely the numbered ones (omitting, of course,
3,8, and 12). Hence, the jump number of C given a description of C as above is
simply number of numbers occurring in this description.

Observe that C' contains one path, P, and one cycle, O. We construct f’
from f by decreasing the flow of f along O and 'flipping’ E(P) from Gy to G;.
Here E(P) is the path P followed by S(P), as before.

In the proof above, we could actually start with any feasible integer valued
(not necessarily maximal) flow from x to 1. Hence the proof actually describes
a way to map families of disjoint zgy; paths into families of disjoint xgyy paths
(of the same number), which might be a useful tool in proving the full bunkbed
conjecture.

4.5 When the transversal set is a cut set

As observed in [12], when x and y belong to different components of G — T,
P(xzy < yo) = P(xzo < y1), as the following mirror argument shows (taken from

[12]).

Lemma 4.1. If z and y belong to different components of G —T, then P(z¢ <
Yo) = P(zo < y1).

Proof. We give an involution ¢ on the probability space B(G) taking {xg < yo}
to {xo < y1}. This shows that the probability of the these two events coincide.
Edges in B(G) are called upper, lower, or central if they have at least one
endpoint in Gy, at least one in G or both in T respectively. The event ¢(w) is
obtained from w by interchanging the state of upper and lower edges having at
least one endpoint whose image in G is in the component of y in G — T. The
states of all other edges (in particular, of all central edges) are kept constant.
It is readily verfied that ¢ satisfies the properties sought for. O

The converse of the above lemma does not hold, as may be seen by choosing
any graph not satisfying the hypothesis but satisfying P(zg < 1) = 1 or
P(yo < y1) = 1. However, the converse seems reasonable to hold if we in
addition assume all entries of p to be strictly less than 1. Note that this does
not rule out important cases, since, by contracting edges, a bunkbed graph with
some entry p. = 1 is equivalent to a smaller bunkbed graph. A similar remark
applies to the case p. = 0, although this is not needed here.

We formulate the converse as a conjecture.

Conjecture 4.2. Suppose G is a random graph having no edge label equal to
1. Let x and y be two vertices of G with Pgcy(To < yo) = Ppa)(To < y1).
Then any path between x and y passes through T .

Proving this conjecture is not as peripheral as might seem at first sight.
Theorem 4.6. Conjecture 4.2 implies the bunkbed conjecture

Proof. Suppose Conjecture 4.2 is true. Let G be a counterexample to the
bunkbed conjecture with Pp,(zoyo) < Ppo(Toy1) for some vertices x, y in G
and some probability vector pg.
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Define f ¢ [0,1]7() — R by f(p) = Py(oyo) — Pp(zoys) Since Ployo) #
P(zoy1), by Lemma 4.1, there is a path from z to y contained in G—T'. Choosing
a probability vector p’ which is equal to 1 on the edges of this path and 0
elsewhere, there is some point in [0, 1]%(%) for which f is positive. Since f(po) <
0 and f is continuous (indeed, a polynomial in p), the mean value theorem
(observing that [0,1]%(%) is connected!) gives that there is some point ¢ €
(0, 1)P(&) for which f(¢) = 0. By the converse of Claim 1, this means that x
is separated from y in G — T, which is a contradiction. Hence there can be no
such counterexample G. O

Let Ay, = #{configurations in which zy < yo and the number of open edges
is k}, By = #{configurations in which zy < y; and the number of open edges

is k}.
Denote the total number of edges in the graph by m.
We have .
P(zg < yo) = ZAkpk(l —p)"F
k=1
and

P(zo < y1) = Y Bip*(1—p)" ",
k=1

If p is transcendent over the reals, we must have A = By, for each k (ob-
serving that (p — pF (1 — p)m_k)gT constitute a basis of the real vector space of
all polynomials of degree < m), meaning that there is an involution ¢ satisfy-
ing the requirements in the proof of Lemma 4.1. This is a first step in boldly
reversing the proof of lemma 4.1. It does however seem hard to extend this idea
to algebraic p, let alone to deduce that T separates x and y from the fact that

there is such an involution .

4.6 Differentiation

Viewing fp(p) := Pp(zo < ¥o) — Pp(xo < y1) as a function of a variable
p €]0, 1[F (&), we can derive some conditions that a minimal counterexample to
the bunkbed conjecture must satisfy.

Let (G, p) be a counterexample to the bunkbed conjecture such that for any
edge e in G, neither G/e nor G — e is a counterexample. Let B = B(QG).

If H is a sub-random graph of B containing xg, ¥o, 1, Y1, then fgy will denote
Py (20 < yo) — Pr(zo < y1)-

Note that fp = png/eo,el +pe(l— pe)fB/eo—el +pe(1 7pe)fB/el—eo +(1—
D)2 fB—cg.e,- Since G is minimal, f must be positive for p, = 0 and p, = 1, as
these cases may be modeled by smaller bunkbed graphs. Moreover, for f to be
negative for some value of p. in ]0, 1[, the coefficient in front of p? in f must be
positive. Note that B/eg,e; = B(G/e). If p,, is the value of p mimimizing f(p)
we must have 0 < p,, < 1.

d’fp
dp?

The conditions > 0 and p,, < 1 reduce to

IB(GJe) T [B(G=e) > [Bjeo—er + [B—co/er

and f y
B/eg—eq B—eg/e
IB(GJe) > [eo 5 ofer,
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4.7 Electrical networks

The bunkbed conjecture has an interesting, and much easier-to-prove, analogue
for electrical networks, as follows.

Theorem 4.7. Let G be a graph, where each edge is assigned a positive real
number, called the resistance of that edge. Construct a bunkbed network in the
obvious way, having chosen some transversal set T' of nodes from G. Suppose the
electric potential V satisfies the boundary values V(xo) =0, V(yo) = V(y1) = 1.
Then the electric current entering yo is at least as large as the electric current
entering i -

Proof. For any vertex x in the (bunkbed) network, let I(z) denote the current
leaving at x, and I(x,y) = I(y) — I(x).

It is sufficient to show that for any vertex u € G, V(ugp) < V(uy). From this
it will follow that

Viyo) = V(uo) = (V(yr) = V(w)) _ $ Vi) = Vi) o

I(zo,y0)—I(z0,y1) = Y R
ueN(y) " u€N (y)

Let y(u) = V(u1) — V(ug) for u € V(G). This gives an electrical potential
defined on G (rather than B(G)), and our task is to show that v is a nonnegative
function.

By Kirchoff’s law, for any vertex u ¢ {xo,yo,y1}, we have I(u) = 0, and

-1
hence V(u) = (ZUGN(H) R%w) 2 veN (u) %. Hence the electric potential of

u is a mean value of the electric potentials at the neighbouring vertices of u (in
the sense that min,en () V(v) < V(u) < max,en(,) V(v) holds). By a standard
argument, we deduce the maximum principle; min{ boundary values} < V(u) <
max{ boundary values} for each vertex u. By applying the maximum principle
to V in the bunkbed graph we obtain V(x1) > 0, since all boundary values are
nonnegative (indeed, they are 0 and 1).

Now ~ has the boundary value vy(y) = 0. Note that we may also assume
v(y) = V(z1) to be fixed (supplying part of the solution V' with the original
boundary values as a new boundary value can not change the new solution V).

By applying the maximum principle to v in G, we obtain v(u) > 0 for every
vertex u. U

Note that T separating = and y in G is the same thing as saying that the
component of y in G — T is joined to a grounded boundary. Hence v = 0 in this
component, meaning that I(yg) = I(y1) in this case. This statement should be
compared with the case of equality in the (original) bunkbed conjecture.

Electrical networks and probability

In [2] it is proved that R(zo,yo) < R(xg,y1) for any bunkbed graph, where
R(s,t) is the effective resistance between s and t in the network. The effective
resistance could be defined by solving 1 = R(s,t) - I, where [ is the strength of
the electrical current flowing from s to ¢t when fixing the potential of s and ¢ to 1
and 0 respectively. This result can be interpreted in terms of random walks on
the bunkbed; a random walk starting at x¢ in each step moving to a neighbour
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chosen uniformly at random is more likely to reach yy before it reaches y; than
to reach y; before yq.

Two resistors of strengths R;, Rs connected in series have a combined resis-
tance Rser = R1+ Rs. When connecting two resistors in parallel, the combined
resistance is Rpqr = Rﬁj‘;;z = %. The corresponding values for random
graphs are pse, = p1p2 and ppar = p1 + P2 — p1P2 = P1 + P2 — Pser-

Now we have an interesting symmetry:

lnpser = lnpl + 1111’2 Rser = Rl + R2
Ppar = P1 + D2 — Dser In Rpar =InRser —In Ry —In Ry
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Chapter 5

Related topics

5.1 Potentials and random graphs

In the previous section, we saw that the introduction of a potential simplified the
calculation of the analogue of reachability probabilities. Hence one would like
to have a similar notion in a random graph. This can be achieved as follows.
Let zy denote some distinguished vertex in G. Associate each edge e with a
random variable U, taking values in [0,1]. Let p, = fo (Ue < q)dq. Assume
(Ue) ek to be independent, though not necessarily 1dentlcally distributed.

In the other direction, given p, for each edge e of B(G), there are many
choices of (U). Actually, allowing U, and U,, to be dependent gives another
interesting model, since the BBC is trivial in the case where U,, are U, equal.

The sought-for potential is v(z) := E(inf{q : the edges with U, < g connect zy and z}).

We recover the original percolation model by choosing a ¢ € [0, 1] randomly
and uniformly, declaring an edge e to be open if (and only if) U, < ¢, and the
bunkbed conjecture amounts to the statement v(yo) < v(y1).

The potential v does not, however, satisfy any relations analogous to the
electrical potential V' in the previous section.

5.2 The random cluster model

Definition 5.1. The random cluster measure P, with parameter q, on a graph
G where each edge e is labeled by some real number p, € [0,1] is defined by

w)ocqc(w) H De H (1_pe)7

e:we=1 e:we=0

for subgraphs w of G. Here c(w) is the number of connected components in w,
and, as before, we is the indicator variable of the edge e € E(G) being included
in E(w).

For ¢ = 1, the random cluster measure is just the random graph measure
defined earlier. When ¢ # 1, edges will not be open independently of each other.

For ¢ = 2, the corresponding bunkbed conjecture is true, shown in [8]. This
result uses to the strong connection between the well studied Ising model from
statistical physics and the random cluster model with ¢ = 2.

Aas, 2010. 39
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0 2 5 6

Figure 5.1: A random graph
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Figure 5.2: Replacing each edge with two identical edges in parallel in this graph
changes the xz-order.

It is interesting to note that when all edge labels p. equal the same number
p, the limit as ¢ — 0 and ¢/p — 0 of the random cluster measure is the uniform
measure on all spanning trees of G, assuming G is connected (see [5]).

5.3 Ordering V(G)

To prove BBC, one could try to reduce counterexamples to more ’extreme’
counterexamples. For example, reducing to counterexamples where all edge
labels are small would at the least give a proof of BBC for graphs in which
there is a zgyo-path whose probability of being open is strictly greater than
that of any zqy;-path.

Let G be a percolation graph with some distinguished vertex x, called the
'root’. Generically (varying p € [0, 1]'Fl), the vertices y are totally ordered by
the rank function P(x < y) (for definiteness, let y <, z & P(x < y) > P(z <
z)). A total order on the vertices of G may be identified with a permutation
o € Sjy(q)|, which we refer to as the percolation order from x in G, or just
x-order.

An interesting question is how the z-order of a graph changes when changing
p- Note that the relation ’p and p’ give the same z-order’ partitions almost all
of [0,1]'Fl into components C,.

Some natural questions are

e If C, # (), does the closure C, include 0?

e Is C, connected as a subset of RIZ(G)[?

Figure 5.3: Replacing each edge with two identical edges in series in this graph
changes the x-order.



5.3. Ordering V(G) 41

e What properties does the set R := {0 : C; # 0} have?

e Substitute each edge e of G with two parallel (independent) copies of e.
Does the percolation order (from any vertex) change?

e Substitute each edge e of G with two (independent) copies of e in series.
Does the percolation order change?

A positive answer to the first two questions would make a corresponding
statement for bunkbed graphs (that is, varying the probabilties in G but order-
ing the vertices in all of B(G)) reasonable to hold as well. This would enable
us to transfer any counterexample to the bunkbed conjecture to another coun-
terexample with all edge labels being less than some arbitrarily small chosen
constant.

The answers to the last two questions are both ’in general, yes’; counterex-
amples are given in Figures 5.3 and 5.3.

An example

If we vary the labels p; of all edges different from {2,5} and the label py of
the edge {2,5} in the graph in Figure 5.3, only two z-orders arise for z = 0:
(0215346) and (0213546).
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